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We show that an inflation with the number of e-folds N ≃ 65 solves the cosmic coincidence
problem in a natural manner in the context of holographic dark energy. Assuming the inflation and
a power-law acceleration phase we obtain an analytical formula for the size of an event horizon of
the universe as a function of time. A simple numerical study exploiting the formula well reproduces
the observed evolution of the universe from the inflation to the present without fine tuning or
ad hoc assumptions. This nontrivial coincidence between the theory and the observational data
enhances the validity of holographic dark energy models including the entanglement dark energy
model recently proposed.
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The type Ia supernova (SN Ia) observations [1, 2]
strongly suggest that the current universe is in an acceler-
ating phase, which can be explained by dark energy hav-
ing pressure pΛ and density ρΛ such that ωΛ ≡ pΛ/ρΛ <
−1/3. There are various dark energy models rely on ex-
otic materials such as quintessence [3, 4], k-essence [5],
phantom [6, 7], and Chaplygin gas [8], however these
models usually suffer from fine tuning problems or un-
naturalness of the materials. Being one of the most im-
portant unsolved puzzles in modern physics, the cosmo-
logical constant problem consists of three sub-problems;
why the cosmological constant is so small, nonzero, and
comparable to the critical density at the present. Re-
cently, a new idea that seems to solve the first and the
second problems in a natural manner was suggested by
the authors[9]. In that model, dark energy is identified
as entanglement energy associated with the entanglement
entropy SEnt of the universe related to the vacuum fluc-
tuation of known quantum fields. We call this model the
entanglement dark energy model. Without fine tuning or
exotic materials, dark energy with appropriate properties
are derived using the standard model fields, general rela-
tivity, and the holographic principle. Furthermore, from
the number of spin-degrees of freedom Ndof of the stan-
dard model, the equation of state ωΛ ≃ −0.93 and the
constant d ≃ 0.95 (see Eq. (2)) were derived, which are
consistent with various astronomical observations such
as SN Ia, the cosmic background radiation (CMB), and
the Sloan Digital Sky Survey (SDSS) at the 95% confi-
dence level. We also showed that a finite SEnt naturally
results in an accelerating expansion of the universe. In
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this paper we show that the last problem, the cosmic co-
incidence problem, can be also solved in the holographic
dark energy model including our model without fine tun-
ing, if there was an inflation with a sufficient expansion.
Note that, in many other dark energy models, fine tuning
of initial dark energy density or an ad hoc assumption
is required to explain the current ratio of dark energy
density to matter energy density, because usually dark
energy density and matter energy density reduce at dif-
ferent rates [10] for a long cosmological time scale.
It is well known [11] that a simple combination of the
reduced Planck mass MP = mP /
√
8pi and the Hub-
ble parameter H = H0 ∼ 10−33 eV , gives a value
ρΛ ≃ M2PH20 comparable to the observed dark energy
density ∼ 10−10eV 4 [2]. This interesting coincidence,
on one hand, is of the cosmic coincidence problem and,
on the other hand, motivated holographic dark energy
models. The holographic dark energy models are based
on the holographic principle proposed by ’t Hooft and
Susskind [12, 13, 14], claiming that all of the informa-
tion in a volume can be described by the physics at the
boundary of the volume. Based on the principle, Cohen
et al [15] proposed a relation between an UV cutoff (a)
and an IR cutoff (L) by considering that the total energy
in a region of size L can not be larger than the mass of






where d is a constant. Hsu [16] pointed out that for L =
H−1, the holographic dark energy behaves like matter
rather than dark energy. Many attempts [17, 18, 19,
20, 21, 22] have been made to overcome this IR cutoff
problem, for example, by using non-minimal coupling to
2a scalar field [20, 21] or an interaction between dark
energy and dark matter [22]. Li [23] suggested that an





would give a correct accelerating universe, where the fu-
ture event horizon (Rh) is used instead of the Hubble
horizon as the IR cutoff L. Our model in Ref. [9] explains
the origin of this holographic dark energy and justifies
the use of Rh in Eq. (2). We suggested that entangle-
ment energy [24] defined as dEEnt ≡ TEntdSEnt, is the
origin of dark energy. Using the Gibbons-Hawking tem-




2 [29] we obtained EEnt = βNdofRh/pia
2,





which has the desired form (Eq. (2)) for the holographic
dark energy. From the above equation we obtained a
formula for the constant d =
√
βNdof/(2piaMP ) ≃ 1,
which is well consistent with observations.
To solve the coincidence problem many attempts have
been done [30, 31, 32, 33, 34, 35]. An interaction of dark
matter [36, 37] with dark energy was introduced in [32,
38]. In [33] inflation at the GUT scale with the minimal
number of e-folds N ≃ 60 was suggested as a solution. In
this paper we suggest a solution similar to the later. Our
motivation to study the cosmic coincidence problem in
the context of inflationary cosmology is two-fold. First,
since one of the motivations of inflation theory [39] is to
solve the entropy problem of the big-bang theory, it is
reasonable to think that huge entanglement entropy of
the universe (in fact, a surface area of the event horizon)
is generated during the inflation too. Second, if there
was no inflation, there could be no ‘now’ (t0 = O(10
10)
years) for the ‘why now’ question.
In this paper we consider the flat (k = 0) Friedmann
universe which is favored by observations [40] and de-
scribed by the metric
ds2 = −dt2 +R2(t)dΩ2, (4)
where R(t) is the scale factor. In the holographic dark
energy model a typical length scale of the system with














which is a key quantity. It is a subtle task to obtain an
explicit form for Rh(t), because Rh(t) depends on the
whole history of the universe after t. To tackle this prob-
lem we divide the history of the universe into two phases;
the inflation (phase 1) is followed by phase 2 which are
consecutive radiation dominated era (RDE; R(t) ∝ t1/2)
and dark energy dominated power-law accelerating era
(DDE; R(t) ∝ tn, n > 1), respectively. Note that the
power-law acceleration is a generic feature of DDE un-
less d is exactly one. For simplicity we ignore the matter
dominated era as often done in an order of magnitude
estimate in cosmology.
1) inflation phase ( ti ≤ t < tf )
The inflation starts at t = ti and ends at tf . The scale
factor evolves in this phase as follows
R(t) = Rie
Hi(t−ti), (6)
where Ri is the initial scale factor at t = ti and Hi =
M2i /(
√
3MP ) is the Hubble parameter with the energy
scale Mi of the inflation. Hence, the number of e-folds of
expansion N ≡ Hi(tf − ti).
2) power-law expansion phase ( tf ≤ t <∞)
This phase consists of RDE ( tf ≤ t < ta) followed by
DDE ( ta ≤ t < ∞). The universe starts to accelerate
at an inflection point t = ta, i.e., R¨(ta) = 0. We assume



















where α ≃ (tf/ta)1/2 is a constant. The scale factor
R(t) grows as t
1
2 during the RDE and as tn+
1
2 during the
DDE later. R(t) of this form gives a smooth transition
from RDE to DDE. ( Alternatively, one can divide this
era into RDE and DDE and choose the scale factor as
R(t) ∝ (t/tf )1/2 and R(t) ∝ (t/ta)n for RDE and DDE,
respectively. This choice gives the almost same results
except for slightly decreasing Rh as t → ta.) Since the
entanglement dark energy model predicts d ≃ 1 and ωΛ
very close to −1, the power index n = 2/(3(1 + ωΛ)) is
much larger than 1. The inflection point ta is determined












From R(t) we obtain Rh(t) using Eq. (5). During the

















where C(tf ) is an constant dependent on tf . A finite
C(tf ) implies a finite Rh(t) and, hence, existence of
DDE [9]. This constant should be determined by the
initial condition at ti. Thus the distance to the future
horizon Rh(t) during the phase 1 is












3To determine the value of C(tf ), we use an initial condi-





















where A is a dimensionless constant which depends on
the initial condition at t = ti, given by
A ≡ HiRh(ti)− 1, (13)
and is O(1), if there was no fine tuning. Therefore, if
HiRh(ti) > 1, i.e., A > 0, the event horizon grows ex-
ponentially during the inflation. At the same time, the
entanglement entropy increases and ρΛ decreases expo-
nentially. This is also noted in Ref. [41], where the cor-
rection to the inflation due to holographic dark energy




(1 +AeN ). (14)
Now consider the phase 2. Using R(t) in Eq. (7), it is




































Now, the horizon distance at t = tf is
Rh(tf ) =
2(1 + α)tf
(2n− 1)α . (17)















(n− 1/2)AeN ≪ 1.
(19)












2n− 1 . (20)
Now we have approximate analytical formulas for Rh(t)
for the whole history of the universe since the inflation.
Note that Rh(t) is a monotonically increasing function
of time. We next consider the behaviors of Rh(t) for


















which is proportional to R(t). From Eq. (8) the inflection



















This relation is interesting and informative. The ratio
of the two time scale ta and tf are related to the initial
condition. Once A > 0, this ratio solves the coincidence
problem with N ≫ 1. From now on all quantities are
given in natural units; mP = 1. For tf ≃ 107 (GUT
scale inflation) and N ≃ 66, a reasonable value for infla-
tion to solve the problems of the big-bang cosmology, this
equation gives observed ta ≃ 1060. In this way, the holo-
graphic dark energy model solves the cosmic coincidence
problem in a natural manner. This relation also explains
the strange coincidence of the expansion of the scale fac-
tor during the inflation (R(tf )/R(ti) ∼ eN ) and that
from the inflation to the present (R(t0)/R(tf ) ∼ eN).
Using Eq. (22) and the facts that t0 ∼ ta and R(t) ∼ t1/2
before ta, one can verify this coincidence. Interestingly,
Eq. (22) gives a lower bound for the energy scale of the
inflation. The usual bound N
>∼ 60 for inflation returns
tf
<∼ 1012 and hence Mi >∼ 10−7 ∼ 1012 GeV . This can
rule out low energy scale inflation models. On the other
hand, an obvious condition tf > tP = 1 returns N < 75,
where tP is the Planck time. To determine the true value
ofN we need to go beyond the approximation used in this
work.
Let us explain more physically how our model solves
the coincidence problem. Using Eq. (12) we obtain
Rh(tf )/Rh(ti) ≃ eN , which means that the event hori-
zon expands and SEnt increases exponentially during the




h rapidly decreases (see Fig. 2);





≃M4i e−2N , (23)
where we used ρΛ(ti) ≃ M2PH2i ≃ M4i . This is the dark
energy density just after the inflation. After the inflation,
dark energy is sub-dominant, i.e., ΩΛ ≪ 1, and behaves






















decreases more rapidly than the dark energy density.
(From Eq. (21) one can also see that Rh(t) ∝ R(t) ∝ t1/2
during the RDE). Here we assume an instant reheating
after the inflation. Therefore, during the RDE


















which should be comparable to M4a at ta, where Ma ∼
10−3eV is the observed energy scale of the universe at the


















which is slightly larger than the minimal N for the in-
flation to solve the many problems of the standard big
bang cosmology. Here we have used tf ∼ MP /M2i ∼
MP /(10
16GeV )2. This result is consistent with heuris-
tic arguments of Li [33, 42, 43]. Hence, we confirm that
an inflation with N ≃ 65 solves the cosmic coincidence
problem in a natural and self-consistent manner in holo-
graphic dark energy context.
To be concrete we perform a numerical study using the
analytic formulas to fit parameters for the inflation such
as N and Mi onto the observed cosmological parameters
such as ΩΛ(t0) and ρΛ(t0). Once we knowRh(t) andR(t),
it is easy to obtain ρΛ(t) and ρr(t) by using Eqs. (25)
and (26) for a given N . We choose reasonable values
Mi = 10
16 GeV , A = 1 and n = 20. From Eqs. (21)






are sensitive to N , while they are not so susceptible to A
or n as long as n≫ 1.
For N = 65.69 our theory gives ΩΛ(t0) = 0.72,
ωΛ = −0.93, and ρΛ(t0) ≃ 2 × 10−123, which are well
consistent with current observations. On the other hand,
ta = 0.073 t0 is smaller than the observed value. This
discrepancy can be attributed to approximations we used
such as an instant reheating after the inflation and ignor-
ing the matter dominated era. Nonetheless, considering
the huge range of the energy scale involved (from 1028 eV
to 10−3 eV ) and the difference of time dependency of
the dark energy density and that of the matter density,
it is remarkable that with a few parameters such as N
and n and some reasonable assumptions, our analysis re-
produces the observed universe with a correct order of
magnitude as shown in the figures. This nontrivial co-
incidence indicates that holographic dark energy models








FIG. 1: (Color online) The size of the event horizon Rh(t)
(red thick line) and the scale factor R(t) (blue dashed line)
as functions of time t for N = 65.69, n = 20, and Mi =
1016 GeV . Rh(t) as well as R(t) grows exponentially during
the inflation. All quantities are given in natural units, where
mP = 1.









FIG. 2: (Color online) The dark energy density ρΛ(t) (red
thick line) and the matter (radiation) density ρr (blue dashed
line) as a function of time t for the evolution shown in Fig. 1.
ρΛ(t0) ≃ 2× 10
−123 is comparable to the observed value.
with d ≃ 1 including ours are strong candidates for a
correct dark energy model.
In summary, we show that holographic dark energy
models with an inflation with N ≃ 65 solve the cos-
mic coincidence problem without introducing an inter-
action with dark matter or modification of gravity. In
the previous work [9] it was shown that without fine tun-
ing the desired form for the holographic dark energy and
the equation of state can be derived from the standard
model physics, the holographic principle, and entangle-
ment theory, which is in good agreement with various as-
tronomical observations such as SN Ia, CMB, and SDSS.
Our entanglement dark energy model, like other holo-
graphic dark energy models, has an intrinsic advantage
over non-holographic models in that it does not need fine
tuning of parameters or an ad hoc mechanism to cancel












FIG. 3: (Color online) ΩΛ (red thick line) from Eq. (28) and
ωΛ (blue dashed line) from Eq. (24) of the dark energy as a
function of time t for the evolution shown in Fig. 1. ΩΛ(t0) =
0.72 and ωΛ = −0.93 are comparable to the observed values.
the zero-point energy of the vacuum, simply because it
has no O(M4P ) zero-point vacuum energy from the start.
Quantum field theory over-counts the independent phys-
ical degrees of freedom inside the volume. Furthermore,
as shown in this paper, the cosmic coincidence problem
is also solved in a natural manner if there was an infla-
tion with N ≃ 65. All these results indicate that holo-
graphic dark energy models with d ≃ 1, especially, the
entanglement dark energy model suggested in Ref. [9]
are plausible.
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